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Abstract
We study some algebraic properties of Toeplitz operators on the Dirichlet space. We first characterize
(semi-)commuting Toeplitz operators with harmonic symbols. Next we study the product problem of when
product of two Toeplitz operators is another Toeplitz operator. As an application, we show that the zero
product of two Toeplitz operators with harmonic symbol has only a trivial solution. Also, the corresponding
compact product problem is studied.
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1. Introduction and results
We let D be the unit disk in the complex plane and dA denote the normalized area measure
on D. The Sobolev space S is the completion of the space of smooth functions f on D for which
‖f ‖ =
{∣∣∣∣
∫
D
f dA
∣∣∣∣2 +
∫
D
(∣∣∣∣∂f∂z
∣∣∣∣2 +
∣∣∣∣∂f∂z¯
∣∣∣∣2
)
dA
}1/2
< ∞.
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〈f,g〉 =
∫
D
f dA
∫
D
g¯ dA+
∫
D
(
∂f
∂z
∂g
∂z
+ ∂f
∂z¯
∂g
∂z¯
)
dA.
The Dirichlet space D is the closed subspace of S consisting of all holomorphic functions f ∈ S
with f (0) = 0. Each point evaluation is easily verified to be a bounded linear functional on D.
Hence, for each z ∈ D, there exists a unique function Rz ∈D which has the following reproduc-
ing property
f (z) = 〈f,Rz〉
for every f ∈D. It is known that the function Rz is given by
Rz(w) = log
(
1
1 − z¯w
)
(w ∈ D).
Let Q be the orthogonal projection from S onto D. Using the explicit formula for Rz, one can
see that Q can be represented by the integral formula:
Qψ(z) = 〈ψ,Rz〉 =
∫
D
z
1 − zw¯
∂ψ
∂w
(w)dA(w) (z ∈ D) (1)
for functions ψ ∈ S . See [11] or [12] for details and related facts.
Let
Ω =
{
u ∈ C1(D): u, ∂u
∂z
,
∂u
∂z¯
∈ L∞
}
.
Given a function u ∈ Ω , the Toeplitz operator Tu with symbol u is defined by
Tuf = Q(uf )
for functions f ∈D. Then, for u ∈ Ω , the Toeplitz operator Tu is a bounded linear operator onD.
See Proposition 1.
In this paper we study some algebraic properties of Toeplitz operators on D. We first consider
the characterizing problem of two symbols for which the corresponding Toeplitz operators com-
mute on D. In [8], Duistermatt and the author studied the same problem for Toeplitz operators
acting on the larger Dirichlet space consisting of all holomorphic functions in S which has no
restriction f (0) = 0 and obtained the characterization asserting that two Toeplitz operators with
harmonic symbols commute if and only if either both symbols are all holomorphic or a nontriv-
ial linear combination of the symbols is constant. Also, the corresponding problem for Toeplitz
operators on the Hardy space or Bergman space has been well studied in [3,5] and references
therein.
We consider harmonic symbols and obtain Theorem A below. In contrast to the result [8] on
the larger Dirichlet space mentioned above, our result shows that two Toeplitz operators with
antiholomorphic symbol always commute on D.
Theorem A. Let u,v ∈ Ω be harmonic functions. Then TuTv = TvTu on D if and only if one of
the following statements holds:
(i) u and v are both holomorphic;
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(iii) A nontrivial linear combination of u and v is constant on D.
Theorem A will be restated, together with one more equivalent conditions, and proved in
Theorem 5. As an application of Theorem A, we characterize semi-commuting Toeplitz operators
with harmonic symbol.
Theorem B. Let u,v ∈ Ω be harmonic functions. Then TuTv −Tuv = 0 on D if and only if either
u¯ or v is holomorphic.
Next, we study the product problem of when product of two Toeplitz operators is another
Toeplitz operator. On the Hardy space or Bergman space, the corresponding problem has been
studied in [1,2,5]. We consider harmonic symbols and obtain Theorem C below.
Given a harmonic function u ∈ Ω , write u = f + g¯ for some functions f,g holomorphic on D.
Since u ∈ Ω , we have f ′, g′ ∈ L∞. Hence f,g have the continuous extension to the closure D¯ of
D and so does u. We will use the same notation for a harmonic function u ∈ Ω and its continuous
extension u on D¯.
Theorem C. Let u,v, τ ∈ Ω be harmonic functions. Then TuTv = Tτ on D if and only if either u¯
or v is holomorphic and τ = uv on ∂D, the boundary of D.
Given a function u ∈ L∞, we let T au be the Toeplitz operator on the Bergman space of the
unit disk. See Section 4 for definition. Recently Ahern [1] has proved that for harmonic symbols
u, v and general bounded symbol τ , T au T av = T aτ if and only if either u¯ or v is holomorphic and
τ = uv on the whole D. In contrast to this result on the Bergman space, Theorem C shows that
the product problem on D requires the condition τ = uv on the boundary ∂D. It turns out that
this is caused by a different phenomenon on zero Toeplitz operators between the Bergman space
and the Dirichlet space. See Proposition 9. In the proof of Theorem C, Theorem B will play a key
role. As an application, we show that the zero product for two Toeplitz operators with harmonic
symbol has only a trivial solution. See Corollary 10.
As a related problem, we next study the corresponding compact product problem of when
TuTv −Tτ is compact onD. The corresponding problem on the Bergman space was proved in [7].
We consider harmonic symbols u,v and general symbol τ ∈ Ω and obtain Theorem D below. The
notation u˜ denotes the Berezin transform of u ∈ L1. Here and in what follows, Lp = Lp(D,dA)
denotes the usual Lebesgue space on D. See Section 4. Also, C0 will denote the class of all
continuous functions ψ on D such that ψ(a) → 0 as |a| → 1.
Theorem D. Let u,v ∈ Ω be harmonic functions and τ ∈ Ω . Then TuTv − Tτ is compact on D
if and only if τ˜ − uv ∈ C0.
In addition, if we impose a certain condition on τ in Theorem D, the result will be reduced
to the boundary vanishing condition of τ − uv. See Corollary 15. As a special case of τ = uv
in Theorem D, we see that two Toeplitz operators with harmonic symbol are always essentially
(semi-)commuting. See Corollary 13. Another special case of u = v = 0 gives a simple character-
ization of compact Toeplitz operators in terms of the boundary vanishing property of the Berezin
transform of the symbol. See Corollary 14. The corresponding characterization for Toeplitz op-
erators on the Bergman space has been obtained in [4].
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For f ∈ Lp, we put
‖f ‖p =
(∫
D
|f |p dA
)1/p (
f ∈ Lp).
The Bergman space L2a is the closed subspace of L2 consisting of all holomorphic functions.
We let P be the orthogonal projection from L2 onto L2a . The projection P is the well-known
Bergman projection whose explicit formula is given by
Pψ(z) =
∫
D
ψ(w)Kz(w)dA(w) (z ∈ D)
for functions ψ ∈ L2. Here, the function Kz is the Bergman kernel given by
Kz(w) = 1
(1 −wz¯)2 (w ∈ D).
Using the explicit formula (1) of Q, we have
(Qψ)′(z) =
∫
D
1
(1 − zw¯)2
∂ψ
∂w
(w)dA(w) = P
(
∂ψ
∂w
)
(z) (z ∈ D) (2)
for functions ψ ∈ S .
We first prove that the Toeplitz operator Tu is bounded whenever u ∈ Ω .
Proposition 1. For u ∈ Ω , the Toeplitz operator Tu is bounded on D.
Proof. Let f ∈D. Note uf ∈ S and ‖f ‖2  ‖f ‖ = ‖f ′‖2. By (2) and the L2-boundedness of P ,
we obtain∥∥Q(uf )′∥∥2 
∥∥∥∥P
(
∂u
∂z
f + uf ′
)∥∥∥∥
2

∥∥∥∥∂u∂z f + uf ′
∥∥∥∥
2

{∥∥∥∥∂u∂z
∥∥∥∥∞ + ‖u‖∞
}
‖f ‖
and hence
‖Tuf ‖ =
∥∥Q(uf )∥∥= ∥∥Q(uf )′∥∥2 
{∥∥∥∥∂u∂z
∥∥∥∥∞ + ‖u‖∞
}
‖f ‖,
which gives the desired result. 
For each a ∈ D, we put
Ea(z) = z1 − a¯z (z ∈ D).
Then, it is easy to verify that
R′z(a) = Ea(z), E′a(z) = Ka(z) (a, z ∈ D). (3)
It follows that
〈ψ,Ea〉 =
∫
∂ψ
∂w
E′a dA =
∫
∂ψ
∂w
Ka dA = P
(
∂ψ
∂w
)
(a) (4)D D
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D
ψKa dA = ψ(a) (a ∈ D) (5)
for every holomorphic functions ψ ∈ L1. See Chapter 4 of [13] for details.
Lemma 2. Let f ∈ Ω be holomorphic. Then Q(f¯Ea) = f (a)Ea for all a ∈ D.
Proof. Let a ∈ D. Using the explicit formula (1) of Q, (3) and (5), one can see
Q(f¯Ea)(z) = 〈f¯ Ea,Rz〉 =
∫
D
f¯E′aR′z dA =
∫
D
fR′zKa dA = f (a)Ea(z)
for all z ∈ D. The proof is complete. 
It is easy to see that
P
(
f¯ P (u)
)= P(f¯ u) (6)
for every f ∈ L∞ holomorphic and u ∈ L2. See Lemma 10 in [9] for example. Using this, we
prove an analogous property for Q.
Lemma 3. Let f ∈ Ω be holomorphic and u ∈ S . Then Q(f¯Q(u)) = Q(f¯ u).
Proof. By (2) and (6), we see
[
Q
(
f¯ Q(u)
)−Q(f¯ u)]′ = P(f¯ P( ∂u
∂w
))
− P
(
f¯
∂u
∂w
)
= 0.
Since Q(f¯Q(u))(0) = Q(f¯ u)(0) = 0, we have the desired result. 
Let cn = 1/√n and put en(z) = cnzn for z ∈ D and n = 1,2, . . . . Then the sequence {en}
forms an orthonormal basis for D. Let C be the diagonal matrix whose diagonal coefficients are
given by c1, c2, . . . . Thus
C =
⎛
⎜⎜⎝
c1 0 0 · · ·
0 c2 0 · · ·
0 0 c3 · · ·
...
...
...
. . .
⎞
⎟⎟⎠ .
As is well known, every bounded linear operator L onD has a matrix representation with respect
to the orthonormal basis {en} whose matrix coefficients are given by 〈Lek, ej 〉. The following
proposition gives the explicit formula of the matrix for Toeplitz operators with harmonic symbol.
Proposition 4. Let u ∈ Ω be a harmonic function and write
u(z) =
∑
ukz−k +
∑
ukz
k (z ∈ D)
k<0 k0
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{en} is given by CMuC−1 where
Mu =
⎛
⎜⎜⎜⎜⎝
u0 u−1 u−2 u−3 · · ·
u1 u0 u−1 u−2 · · ·
u2 u1 u0 u−1 · · ·
u3 u2 u1 u0 · · ·
...
...
...
...
. . .
⎞
⎟⎟⎟⎟⎠ .
Proof. By straightforward computations, one can see that
〈uek, ej 〉 =
√
j√
k
uj−k = ck
cj
uj−k
for all j, k = 1,2, . . . . Now, the result follows from the fact that
〈Tuek, ej 〉 = 〈Q(uek), ej 〉 = 〈uek, ej 〉
for all j, k = 1,2, . . . . The proof is complete. 
3. Commuting Toeplitz operators
In this section, we first prove Theorem A and then derive Theorem B as a consequence. In the
proof of Theorem A, we use an idea in [5] where the same problem was studied on the Hardy
space.
Theorem 5. Let u,v ∈ Ω be two harmonic functions and write
u(z) =
∑
k<0
ukz−k +
∑
k0
ukz
k, v(z) =
∑
k<0
vkz−k +
∑
k0
vkz
k (z ∈ D)
for series expansions of u and v, respectively. Then, the following statements are equivalent:
(a) TuTv = TvTu on D.
(b) ujv−k = vju−k for all j, k = 1,2, . . . .
(c) One of the following conditions holds:
(i) u and v are both holomorphic.
(ii) u and v are both antiholomorphic.
(iii) A nontrivial linear combination of u and v is constant on D.
Proof. Without loss of generality, we may assume u(0) = v(0) = 0. First assume (a) and
show (b). Let Mu and Mv be the matrices corresponding to u and v respectively introduced
in Proposition 4. Then, by Proposition 4, the matrix of TuTv with respect to the orthonormal
basis {en} is given by CMuMvC−1. Similarly, the matrix of TvTu is given by CMvMuC−1.
Hence the matrix of the commutator TuTv − TvTu is given by CMuMvC−1 − CMvMuC−1.
Since TuTv = TvTu by assumption, we have CMuMvC−1 = CMvMuC−1. It follows that
MuMv = MvMu. (7)
By Proposition 4, the matrix coefficients pj,k of the matrix of MuMv are given by
pj,k =
∞∑
uj−iv−k+i
i=1
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that the matrix coefficients p′j,k of the matrix of MvMu satisfy p′j+1,k+1 = p′j,k + vju−k for
all j, k  1. Since the matrix coefficients qj,k of the matrix of MuMv − MvMu satisfy qj,k =
pj,k − p′j,k , we have
qj+1,k+1 = qj,k + ujv−k − vju−k (j, k  1). (8)
Since MuMv = MvMu by (7), we have qj,k = 0 for all j, k. It follows from (8) that ujv−k −
vju−k = 0 for every j, k  1. Hence we have (b).
Now, assume (b) and show (c). If u is constant, then (iii) holds. So, assume u is not constant. If
un0 
= 0 for some n0  1 and u−k = 0 for all k = 1,2, . . . , then u is holomorphic and un0v−k = 0
for all k = 1,2, . . . by (b). So we have v−k = 0 for all k = 1,2, . . . . Hence u,v are holomorphic
and then (i) holds. If un0 
= 0 and u−k0 
= 0 for some n0, k0  1, then by (b) we have
v−k = vn0
un0
u−k, vj = v−k0
u−k0
uj
for all k, j = 1,2, . . . . On the other hand, we note by (b)
α := v−k0
u−k0
= vn0
un0
.
Hence v = αu and then (iii) follows. If un = 0 for all n = 1,2, . . . and u−k0 
= 0 for some k0  1,
we have u−k0vn = 0 for all n = 1,2, . . . by (b). Hence u,v are all antiholomorphic and (ii)
follows. Therefore, (c) follows, as desired.
Finally, assume (c) and show (a). If either (i) or (iii) holds, then clearly Tu and Tv are com-
muting on D. Now, assume (ii) holds. Hence, u,v are all antiholomorphic. By Lemma 3, we see
TuTvf = Q(uQ(vf )) = Q(uvf ) and similarly TvTuf = Q(uvf ) for every f ∈ D. Hence Tu
commutes with Tv , as desired. The proof is complete. 
Given two harmonic symbols u,v ∈ Ω , we note uv ∈ Ω . As a consequence of Theorem 5, we
characterize semi-commuting Toeplitz operators.
Proof of Theorem B. Write u = f + g¯ and v = h + k¯ for some functions f,g,h and k holo-
morphic on D. Using Lemma 3, we see that TuTv − Tuv = Tf Tk¯ − Tk¯Tf . Now, by Theorem 5,
we have TuTv = Tuv if and only if either f or k is constant, which is in turn equivalent to that
either u¯ or v is holomorphic. The proof is complete. 
As another application, we have the following simple characterization when two symbols are
related by the complex conjugation.
Corollary 6. Let u ∈ Ω be a harmonic function. Then TuTu¯ = Tu¯Tu if and only if u(D) is con-
tained in a straight line in C.
Proof. We may assume u(0) = 0 without loss of generality. First, suppose TuTu¯ = Tu¯Tu. Theo-
rem 5 implies that either both u and u¯ are holomorphic or a nontrivial linear combination of u
and u¯ is 0. The first case implies u is constant, so we are done. The latter case yields that u = αu¯
for some constant α and hence u = |α|2u. It follows that either u = 0 or |α| = 1. If u = 0, then
we are done. If |α| = 1, then √α¯u is real-valued. Hence u(D) is contained in a straight line.
Now, suppose u(D) is contained in a straight line. Then there exists a constant α 
= 0 such
that αu is real-valued. Hence, αu = α¯u¯ and then condition (iii) of (c) in Theorem 5 holds. So,
Tu and Tu¯ commute, as desired. The proof is complete. 
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In this section, we prove Theorems C and D. Before proceeding these, we prove some prelim-
inary results. For each a ∈ D, recall
Ea(z) = z1 − a¯z , Ka(z) =
1
(1 − a¯z)2
for points z ∈ D. Put
ea =
(
1 − |a|2)Ea, ka = (1 − |a|2)Ka.
Given a function ψ ∈ L1, the Berezin transform ψ˜ of ψ is defined by
ψ˜(a) =
∫
D
ψ |ka|2 dA (a ∈ D).
It is known that ψ˜ = ψ for every harmonic functions ψ ∈ L1. Moreover, if ψ ∈ C(D¯), then
ψ˜ ∈ C(D¯) and ψ − ψ˜ ∈ C0. See Chapter 6 of [13] for details. Also, given a function ψ ∈ L2, we
note that
ψ˜(a) = (1 − |a|2)2P(ψKa)(a) (9)
for every a ∈ D.
Lemma 7. ea converges weakly to 0 in D as |a| → 1.
Proof. Let f ∈D. By (4) and (5), we have
〈f, ea〉 =
(
1 − |a|2)P(f ′)(a) = (1 − |a|2)f ′(a) (a ∈ D).
The above formula shows that if f is a polynomial in D, then 〈f, ea〉 → 0 as |a| → 1. Since the
polynomials are dense in D, this implies that 〈f, ea〉 → 0 as |a| → 1 for all f ∈D, which means
that ea converges weakly to 0 in D as |a| → 1. The proof is complete. 
Lemma 8. Given ψ ∈ L∞, there exists a constant C > 0 such that
sup
a∈D
∣∣P(ψea)(a)∣∣ C‖ψ‖∞.
Proof. By Lemma 4.2.2 of [13], we have
C := sup
a∈D
(
1 − |a|2)∫
D
1
|1 − aw¯|3 dA(w) < ∞.
It follows that∣∣P(ψea)(a)∣∣= (1 − |a|2)
∣∣∣∣
∫
D
wψ(w)
(1 − aw¯)2(1 − a¯w) dA(w)
∣∣∣∣

(
1 − |a|2)‖ψ‖∞ ∫
D
1
|1 − aw¯|3 dA(w)
 C‖ψ‖∞
for all a ∈ D. The proof is complete. 
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be 0. But, our next observation shows that the same is not true on the Dirichlet space in general.
To be more precise, let us consider symbols which are finite sums of finite products of harmonic
functions. Thus, such a symbol ϕ is of the form
ϕ =
M∑
i=1
ui1 · · ·uiNi (10)
where each uij ∈ Ω is harmonic. Note that the symbol as in (10) has the continuous extension
to D¯.
In the following, we use the notation
〈f,g〉2 =
∫
D
f g¯ dA
whenever the integral makes sense.
Proposition 9. Let ϕ be the symbol as in (10). The following are equivalent:
(a) Tϕ = 0 on D.
(b) Tϕ is compact on D.
(c) ϕ = 0 on ∂D.
Proof. The implication (a) ⇒ (b) is trivial. Assume (b) and show (c). By (3), we note
〈Tϕea, ea〉 = 〈ϕea, ea〉
=
〈
∂ϕ
∂w
ea, ka
〉
2
+ 〈ϕka, ka〉2
= (1 − |a|2)P( ∂ϕ
∂w
ea
)
(a)+ ϕ˜(a) (11)
for every a ∈ D. Since ea has norm 1 in D and converges weakly to 0 by Lemma 7, we have
〈Tϕea, ea〉 → 0 as |a| → 1. Note that ∂ϕ∂w ∈ L∞. Now, combining (11) with Lemma 8, we have
ϕ˜ ∈ C0 and then (c) follows because ϕ is continuous on D¯.
Now, assume (c) and show (a). Let f,g ∈ C(D¯) be holomorphic functions and {aj } and {bj }
be the Taylor coefficients of f and g, respectively. By straightforward computations, we can see
〈
Tf g¯z
n, zm
〉= 〈f g¯zn, zm〉= m ∑
i−j=m−n
ai b¯j = m
2π∫
0
f
(
eiθ
)
g
(
eiθ
)
einθ e−imθ dθ
2π
for every integers n,m 1. Note ϕ is a finite sum of the functions of the form f g¯. It follows that
〈
Tϕz
n, zm
〉= m
2π∫
0
ϕ
(
eiθ
)
einθ e−imθ dθ
2π
= 0
for every integers n,m 1. Since {zn}∞n=1 forms a dense subset of D, we have Tϕ = 0. The proof
is complete. 
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implies ϕ˜ ∈ C0. We will show the converse is also true. See Corollary 14.
Now, we are ready to prove Theorem C.
Proof of Theorem C. First assume TuTv = Tτ on D. Let Mu, Mv and Mτ be the matrices
corresponding to u, v and τ respectively introduced in Proposition 4. As in the proof of The-
orem 5, we see the matrix of TuTv − Tτ with respect to the orthonormal basis {en} is given by
CMuMvC
−1 −CMτC−1. Since TuTv = Tτ by assumption, we have
MuMv = Mτ . (12)
Let pj,k be the matrix coefficients of MuMv and uk, vk, τk be the coefficients of u,v, τ re-
spectively in their series expansions as in Proposition 4. By (12) and Proposition 4, we have
pj,k = τj−k for all j, k  1. Hence pj+1,k+1 = pj,k for all j, k  1. On the other hand, since
pj+1,k+1 = pj,k + ujv−k as we have seen in the proof of Theorem 5, we have ujv−k = 0 for
all j, k  1. It follows that either uk = 0 for all k  1 or v−k = 0 for all k  1, which implies
that either u¯ or v is holomorphic. By Theorem B, we have TuTv = Tuv . Since TuTv = Tτ by
the assumption, we have Tτ−uv = 0. Note that the function τ − uv is of the form (10). Now, by
Proposition 9, we have τ = uv on ∂D.
Now, assume that either u¯ or v is holomorphic and τ = uv on ∂D. By Theorem B and Propo-
sition 9, we have TuTv = Tuv and Tuv−τ = 0. Hence TuTv = Tτ . The proof is complete. 
Given a function u ∈ L∞, the Bergman space Toeplitz operator T au with symbol u is the
bounded linear operator on L2a defined by
T au f = P(uf )
for functions f ∈ L2a . See Chapter 6 of [13] for more information for the Bergman space Toeplitz
operators.
On the Bergman space, it is known that for functions u,v, τ ∈ L∞ harmonic, T au T av = T aτ if
and only if τ = uv and one of the following conditions hold; (i) both u and v are holomorphic,
(ii) both u and v are antiholomorphic, (iii) u is constant, (iv) u is constant. See Corollary 1 of [2].
But, one cannot expect the same on the Dirichlet space. For example, consider u¯(z) = v(z) = z
and τ = 1.
As an application of Theorem C, we show that the zero product of two Toeplitz operators with
harmonic symbols has only a trivial solution.
Corollary 10. Let u,v ∈ Ω be harmonic functions. Then TuTv = 0 if and only if either u = 0 or
v = 0.
Proof. First assume TuTv = 0. By Theorem C, we have either u¯ or v is holomorphic and uv = 0
on ∂D. Note that any nonzero holomorphic function on D which is continuous on ∂D cannot
vanish on a subset of ∂D of positive measure. For example, see Theorem 17.18 of [10] for a
general result. Note that u,v ∈ C(D¯). It follows that if u¯ is nonzero holomorphic, then v = 0
a.e. on ∂D because u¯v = 0 on ∂D. Hence v = 0 on ∂D by continuity and thus on the whole D
by harmonicity. Also, we see that if v is nonzero holomorphic, then u = 0 on D. The converse
implication is clear. The proof is complete. 
Now, we turn to the proof of Theorem D. In the proof, we will use compactness criteria
for product of Bergman space Toeplitz operators. It turns out that the compactness of certain
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of the invariant Laplacian on D. We let Δ˜ denote the invariant Laplacian on D defined by
Δ˜ = (1 − |z|2)2 ∂2
∂z∂¯z
.
Note that u is harmonic if and only if u is annihilated by this invariant Laplacian. Thus, we will
say that u ∈ C2(D) is boundary harmonic if Δ˜u ∈ C0.
The following characterization will be useful in the proof of Theorem D.
Lemma 11. Let u,v ∈ L∞ be harmonic functions and τ ∈ L∞. Assume u = f + g¯, v = h + k¯
for some functions f,g,h, k holomorphic on D. Then the following statements are equivalent:
(a) T au T av − T aτ is compact on L2a .
(b) lim|a|→1 < (T au T av − T aτ )ka, ka >2= 0.
(c) f k¯ is boundary harmonic and u˜v − τ ∈ C0.
Proof. The equivalence of (a) and (b) is a consequence of Theorem 2 in [4]. The equivalence of
(a) and (c) follows from Theorem 4.4 of [7]. 
Since ‖f ‖2  ‖f ‖ for every f ∈ D, we see that the identity operator from D into L2a is
bounded. Moreover, it is compact as shown in the following lemma.
Lemma 12. The identity operator from D into L2a is compact.
Proof. This result is well known. It follows easily, for example, from noting that with respect
to the standard bases the matrix of the identity operator from D to L2a is a diagonal matrix with
entries tending to 0. 
Now, we are ready to prove Theorem D.
Proof of Theorem D. Write u = f + g¯, v = h+ k¯ for some functions f,g,h and k holomorphic
on D. Put T = TuTv − Tτ and S = T au T av − T aτ for simplicity.
First suppose T is compact. Since the normalizing function ea converges weakly to 0 in D as
|a| → 1 by Lemma 7, we have
lim|a|→1〈T ea, ea〉 = 0. (13)
Fix a ∈ D. By Lemma 2, we note that TvEa = Q[(h + k¯)Ea] = [h + k¯(a)]Ea. It follows from
(3) and (4) that
〈TuTvEa,Ea〉 =
〈
Q
[
(f + g¯)(h+ k¯(a))Ea],Ea 〉
= 〈(f + g¯)(h+ k¯(a))Ea,Ea 〉
= P [(f hEa)′ + k¯(a)(fEa)′ + g¯(hEa)′ + k¯(a)g¯Ka](a)
= (f hEa)′(a)+ k¯(a)(fEa)′(a)+ P
[
g¯(hEa)
′ + k¯(a)g¯Ka
]
(a).
On the other hand, by (3) and (9), we can easily see
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′(a) = a(f h)
′(a)
1 − |a|2 +
f (a)h(a)
(1 − |a|2)2 ,
k¯(a)(fEa)
′(a) = af
′(a)k¯(a)
1 − |a|2 +
f (a)k¯(a)
(1 − |a|2)2 ,
P
[
g¯(hEa)
′ + k¯(a)g¯Ka
]
(a) = P(g¯h′Ea)(a)+ h˜g¯(a)+ k¯(a)g¯(a)
(1 − |a|2)2 .
By the similar argument, we also have
〈TτEa,Ea〉 = P
(
∂τ
∂w
Ea
)
(a)+ τ˜ (a)
(1 − |a|2)2 .
Combining the above altogether, we have
〈T ea, ea〉 =
(
1 − |a|2)2〈T Ea,Ea〉
= f (a)v(a)+ h˜g¯(a)+ g¯(a)k¯(a)− τ˜ (a)+ (1 − |a|2)Φ(a)
where
Φ(a) = a[f ′(a)v(a)+ f (a)h′(a)]+ (1 − |a|2)P[(g¯h′ − ∂τ
∂w
)
Ea
]
(a)
for simplicity. On the other hand, we can also see
〈Ska, ka〉2 = f (a)v(a)+ h˜g¯(a)+ g¯(a)k¯(a)− τ˜ (a).
It follows that
〈Ska, ka〉2 = 〈T ea, ea〉 −
(
1 − |a|2)Φ(a) (a ∈ D). (14)
Note Φ ∈ L∞. This follows from Lemma 8. Hence (1 − |a|2)Φ(a) → 0 as |a| → 1. It follows
from (13) and (14) that < Ska, ka >2→ 0 as |a| → 1. Note that f k¯ is boundary harmonic because
f ′, k′ ∈ L∞. Now, by Lemma 11, we have τ˜ − uv ∈ C0.
To prove the converse, assume τ˜ − uv ∈ C0. We note that f k¯ is boundary harmonic and hence
S is compact on L2a by Lemma 11. To prove compactness of T , we let {ϕn} be any sequence
converging weakly to 0 in D. Using Lemma 3 and (6), one can see that
T ϕn = fQ(vϕn)+Q(g¯vϕn)−Q(τϕn),
Sϕ′n = fP
(
vϕ′n
)+ P (g¯vϕ′n)− P (τϕ′n)
for each n. It follows from (2) that
(T ϕn)
′ = f ′Q(vϕn)+ fP
(
h′ϕn
)+ fP (vϕ′n)
+ P (g¯h′ϕn)+ P (g¯vϕ′n)− P
(
∂τ
∂w
ϕn
)
− P (τϕ′n)
= Sϕ′n + f ′Tvϕn + fP
(
h′ϕn
)+ P[(h′g¯ − ∂τ
∂w
)
ϕn
]
for each n. Note {ϕ′n} converges weakly to 0 in L2a . Since S is compact on L2a , we have
lim
∥∥Sϕ′n∥∥2 = 0. (15)n→∞
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lim
n→∞
∥∥f ′Tvϕn∥∥2  ‖f ′‖∞ limn→∞‖Tvϕn‖2 = 0. (16)
Also, by the L2-boundedness of P and Lemma 12, we see
lim
n→∞
∥∥fP (h′ϕn)∥∥2  ‖f ‖∞‖h′‖∞ limn→∞‖ϕn‖2 = 0,
lim
n→∞
∥∥∥∥P
[(
h′g¯ − ∂τ
∂w
)
ϕn
]∥∥∥∥
2

∥∥∥∥h′g¯ − ∂τ∂w
∥∥∥∥∞ limn→∞‖ϕn‖2 = 0.
Combining the above with (15) and (16), we see
lim
k→∞‖T ϕn‖ = limk→∞
∥∥(T ϕn)′∥∥2 = 0
and hence TuTv − Tτ is compact on D. The proof is complete. 
We remark in passing that the product property and compact product property cannot be the
same generally. For example, take u(z) = v¯(z) = z and τ = 1. Then, by Theorem D, TuTv − Tτ
is compact. But, TuTv 
= Tτ by Theorem C.
We close the paper with some immediate consequences which might be of some independent
interest. First, by taking τ = uv in Theorem D, we see that two Toeplitz operators with harmonic
symbol are always essentially (semi-)commuting on D.
Corollary 13. Let u,v ∈ Ω be harmonic functions. Then TuTv −Tuv is compact onD. Moreover,
TuTv − TvTu is compact on D.
Taking u = v = 0 in Theorem D, we have the following characterization of compact Toeplitz
operators. The corresponding characterization for the Bergman space Toeplitz operators has been
obtained in [4].
Corollary 14. Let τ ∈ Ω . Then the following statements hold:
(a) Tτ is compact on D if and only if τ˜ ∈ C0.
(b) In addition, if τ ∈ C(D¯), Tτ is compact if and only if τ = 0 on ∂D.
For z,w ∈ D, we let ϕz(w) = (z−w)/(1−wz¯) be the usual automorphism of D. The pseudo-
hyperbolic distance ρ is defined by ρ(z,w) = |ϕz(w)| for z,w ∈ D. We let A⊂ L∞ denote the
algebra of functions that are uniformly continuous with respect to the pseudohyperbolic dis-
tance ρ. Note [6] that bounded harmonic functions are all contained in A. Also, for ψ ∈ A, it
turns out that ψ ∈ C0 if and only if ψ˜ ∈ C0. See Corollary 4.5 of [7]. Hence, given u,v ∈ L∞
harmonic and τ ∈ A, we have τ − uv ∈ C0 if and only if τ˜ − uv ∈ C0. So, the following is a
consequence of Theorem D.
Corollary 15. Let u,v ∈ Ω be harmonic functions and τ ∈ Ω ∩A. Then TuTv − Tτ is compact
on D if and only if τ − uv ∈ C0.
Finally, the following shows that there is no nontrivial (essential) idempotent Toeplitz operator
with harmonic symbol.
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(a) T 2u = Tu.
(b) T 2u − Tu is compact.
(c) Either u = 0 or u = 1.
Proof. We only prove the implication (b) ⇒ (c). So, assume (b). Then, by Corollary 15,
u2 − u = 0 on ∂D. Thus, since u ∈ C(D¯), we have u = 0 or u = 1 on ∂D and thus on the
whole D by harmonicity. The proof is complete. 
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